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SUMMARY 
This study deal® with the determination of the boundary layer 
thickness and the velocity distribution within a liquid film appearing on 
a.plane surface due to transpiration through a porous wall or the melting 
of a solid material*, The liquid flow® over the surface under the influ» 
ence of gravity,, Throughout the study it ie assumed that laminar flow and 
steady state condition® exist and that the pressure distribution in the 
film and properties of the liquid are constant. 
The continuity and momentum equations ®re set up in integral form. 
After modifying these equations, a non?linear first-order differential 
equation for the film thickness is derived. This differential equation is 
transformed into a non-dimensional form and then integrated numerically by 
using the Rung@»Kutta fourth«order method with the Burroughs 220 Computer0 
Numerical solutions of the transformed non-linear first-order differential 




In connection with the development of high-speed aircraft, 
missiles and satellites, a very great effort has been directed in the 
preceding years toward theoretical and experimental investigations of 
flow and heat transfer in the laminar boundary layer. As the results 
of such research, special cooling methods such as ablation cooling, film 
cooling, transpiration coolings and mass transfer cooling are frequently 
used in engineering applications. This study deals with the determina-
tion of the boundary layer thickness and the velocity distribution within 
a liquid film appearing on a plane surface due to transpiration through a 
porous wall or the melting of a solid material, In using transpiration 
effects to cool a body, a fluid (liquid or gas) is caused to flow through 
a porous medium. The fluid reduces the rate of heat transfer to the body, 
because it absorbs some energy due to its own thermal capacitance and, as 
it leaves the body, it reduces the convective heat transfer coefficient 
between the environment and the surface of the porous medium. If the 
fluid is a liquid, heat must be transferred through a layer of liquid 
which is flowing from the surface. For ablation cooling, if a body is per-
mitted to melt, then the melted liquid layer will provide a "thermal 
barrier" which will reduce the rate of heat transfer between the environ-
ment and the (solid) surface of the body. In order to show the present 
status of these problems, a brief review of the literature related to them 
will be given. 
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1-1. Ablation Problem 
It is well known that solid bodies falling into the atmosphere of 
the earth from outer space attain very high speeds*, Thus the skin of these 
bodies is subject to excessive heating by internal friction within the 
boundary layer which surrounds the bodies, This phenomenon is usually 
called aerodynamic heating,. A powerful means of protecting a surface 
against the thermal influence during high-speed boundary-layer flow is 
called ablation coolinga The skin is manufactured of such a material that 
it melts, decomposes, or sublimes when the temperature Is increased by 
aerodynamic heating. An understanding of flow during melting Is fundamen-
tal to an overall understanding of the ablation problem. 
An excellent summary of the status of the ablation problem has been 
given by Adams (1) . He also presented data comparing the effectiveness 
of glassy materials In providing protection and insulation for a recover-
able satellite exposed to a rather moderate heat load during re-entry„ An 
approximate analytical investigation of glassy substances in. general was 
made by Bethe and Adams (2). This analysis accounts for the large viscosity 
variation through the liquid layer and treats stagnation ablation with and 
without evaporation. Roberts (3) studied the effect of the viscous melt, 
continuously removed, on the melting r&tm of a solid. Lees (4) obtained 
approximate analytical solutions for melting ablation under the assumption 
of constant viscosity through the liquid layer. Sutton (5) treated ablation 
at the stagnation point and obtained numerical solutions for a certain 
Numbers in parentheses refer to citations in the Bibliography, 
except where they are equation numbers. 
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glassy material subjected to hypersonic flight conditions. He pointed out 
the important influence of viscosity on the surface temperature., In order 
to understand the many mechanisms involved in ablation, Turcotte (6) 
investigated theoretically and experimentally the incompressible stagnation 
point melting of ice from a hemisphere in a hot humid stream of air. 
Citron (7) presented solutions for the steady state temperature distribu-
tion, the steady state melting rate and the amount of material melted and 
ablated from a semi-infinite medium subjected to a heat flux at the melting 
face. 
1-2. Transpiration Cooling 
A very effective means for protecting a surface exposed to hot gas 
streams is transpiration cooling. Such a cooling process can be realized 
by the use of a porous surface through which a coolant gas is forced or 
injected in a direction opposite to that of the heat flow. On the surface 
of the porous wall the cooling fluid builds a film that absorbs a consider-
able quantity of heat and keeps the wall cool. Mass transfer cooling is 
the same as transpiration cooling, except the properties of the coolant are 
different from those of the outer streams. 
In 1944, Duwez and his associates (8) investigated porous wall 
cooling experimentally» They found that either a liquid or gas may be used 
as a good coolant. They also pointed out that when the velocity and the 
temperature of outer streams are constant, the surface temperature of the 
porous wall decreases as the flow rate of coolant increases. Wheeler and 
Duwez (9) theoretically and experimentally studied heat transfer and 
pressure drop in transpiration-cooled porous tubes for hydrogen and nitrogen. 
Berman (10) investigated the effect of low Reynolds numbers suction on the 
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two-dimensional steady-state incompressible laminar flow of a fluid in 
channels with porous walls. Yuan (11) extended Berman's investigation 
to higher Reynolds numbers. Eckert and Livingood (12) show that trans-
piration cooling is superior t© other known aireooling methods. This 
cooling method requires the use of much less cooling air than the convection 
cooling requires. The boundary problem for the case of two-dimensional 
steady-state incompressible flow of a fluid in a porous tube with uniform 
injection was considered by Yuan and Finkelstein (13). Hartnett and 
Eckert (14) were concerned with the prediction of the rate of heat transfer, 
skin friction, and required coolant flows for transpiration-cooled surfaces. 
Analytical predictions were given by Eckert, Schneider, Hayday, and Larson 
(15) for the development of the velocity, temperature, and concentration 
fields in a laminar air boundary layer on a transpiration-cooled flat 
porous plate. Leadon (16) investigated the influence of mass transfer on 
the transition from laminar to turbulent flow. Fundamental concepts of 
transpiration cooling were discussed by Eckert and Drake (17). Beusman and 
Weisman (18) examined recent pertinent data and extended their studies to 
the molecular weights and heats of vaporisation of more promising transpi-
ration coolants, such as water and lithium. The effect of mass transfer on 
free convection was studied by Eichhorn (19). Mouradian (20) determined 
the velocity and temperature distributions in a liquid film by developing a 
new type of analysis which is based on the method of isoclines. 
1-3. Specific Objectives 
The purpose of this study is to investigate the laminar hydrodynamic 
boundary layer thickness and the velocity distribution within a liquid film 
appearing on a plane,surface due to transpiration through a porous wall or 
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the melting of a solidmaterial,, Throughout the study it is assumed that 
laminar flow and steady state conditions exist; amd that the pressure 
distribution in the film and properties of the liquid are constant. -The 
flow is regarded as two-dimensional,. Fluid is directed through the surface 
in the ydirection (as shown in Fig. 1) or appears on the solid-liquid 
interface as in the case of a melting solid. Then, the fluid flows along 
the surface of the. wall, represented by the x-axis, under the "influence of 
gravity and'a liquid boundary layer is created. 
The continuity and momentum equations are set up in integral form. 
After modifying these equations and making use of a process of substitution 
and integration, a non-linear first»order differential equation for the 
film thickness is derived. This differential equation is transformed into 
a non-dimensional form. The Runge-Kutta fourth-order method of Merson (21) 
is used with the Burroughs 220 Computer in solving the non-dimensional 
differential equation for the hydro-dynamic boundary layer thickness. 
This study can be considered as an extension and verification of one 
part of Mouradian's work. The main differences between this study and the 
work of Mouradian are the form of the non»linear first-order differential 
equation for the hydrodynamic boundary layer thickness and the use of a 
different method to obtain the solutions. 
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CHAPTER II 
THE MATHEMATICAL DEVELOPMENT OF 
THE LAMINAR HYDRODYMAMIC BOUNDARY LAYER 
2-1. The Development of Continuity and Momentum Equations 
In most cases, the mathematical difficulties associated with exact 
solutions of laminar boundary layer problems are considerable. Therefore, 
it is important to devise an approximate method, which satisfies the dif-
ferential equations of boundary layer flow only in an average boundary 
layer thickness and does not try to satisfy the velocity distribution for 
every individual fluid particle. For this purpose, a control volume abed, 
with a unit length in the z-direction, as shown in Figure 1, is chosen. 
The present analysis will be based on the following postulates; 
(a) The flow is two-dimensional. 
(b) The flow occurs under the influence ©f gravity. 
(c) The flow is laminar and steady with respect to time. 
(d) The fluid is incompressible. 
(e) The pressure distribution in the film is constant. 
(f) The physical properties of the liquid are constant. 
(g) The "feed-in" velocity, ?oS is conststnt. 
For a unit length in the 2-direction, the mass-flow rates across 
the individual faces of the control volume are listed below: 
Boundary Mass-flow Rate 









Figure 1. Control Volume for Continuity and Momentum Analysis 
of a Boundary Layer. 
-a 





1 "dy + p [-r|- i "dy ] dx o 
dx 
P V dx 
o 
For steady state condition;, the continuity equation equates the 
rate of mass influx to the rate of mass efflux. Then 
r6 5 
p I udy + P V 
3 6 
dx s P J udy + P r — - J udy J dx 
dx o 
From this relationship, the equation of continuity is obtained, 
follows? 
-JL J udy = V0 
0 X 0 ° 
(2-1) 
The rates of x-momentum across the individual faces of the control 





P J u' 
0 
The x-Momentum per Unit Time 
P / u2 dy 
o 
+ P ' [ T " / u2 dy ] dx 
*- 3x Q 
Subtracting the rate of x^momentum inflow from the rate of 
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x-momentum outflow, the increase of x-momentum per unit time of the fluid 
in the control volume is expressed 
0 
s " [ -&• S' »* dy ] fc AT u 3x 
The external forces acting on the control volume in the 
x-direction are: 
Gravitational force p g 6 dx 
and 
Shear force along the solid-liquid 
-f dx = - p v (|S) 
interface or the porous surface ay=0 
Then the summation of these external forces is 
IF a p g 6 dx - p v (2H) dx 
°yysO 






p | - _ _ / u 2 dy | dx « Pg '5 dx - pv (iH) dx 
x o 9 y ysO 
or 
~ / u z dy • gj - v<P> (2-2) 
x o yy*0 
This is the momentum equation. 
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2°2o Boundary Conditions, 
When writing an expression for the velocity profile, it is 
necessary to satisfy certain boundary conditions which the actual 
velocity profile is known to fulfill or to approximate. Such conditions 
can be found at y°0 or at yfflfi. It is known that 
u * 0 at y » Q (2-3a) 
u • U at y * * (2-3b) 




y=0 ^ y-0 
Equation (2-3a) cones from a no-slip assumption at the liquid-
solid surface or the porous surface. Equations (2-3b) and (2-3c) are 
based on the assumption that at the outer edge of the boundary layer the 
parallel component u becomes equal to that in the outer flow and here no 
shear stress exists. Equation (2-3d) results from applying the Navier-
Stokes momentum equation in thex°direction at the plane y « 0. 
2-3. Velocity Distribution 
As shown in Appendix III, Mouradian (20) used the four boundary 
conditions to get a polynominal of the fourth degree for the velocity 
function in terms of the dimension!ess distance from the wall. His 
results are 
VQ (p.) » g +-v(LH) at y'.- 0 (2-3d) 
*yyoo -&y-




-fiL. + 6 
b = v U 
vJ 
—,2_ + 4 
v 
It can be seen that the velocity distribution U as given in the above 
equations depends on n> b, and 6. Mouradian combined these equations 
but the final form obtained is sufficiently complex that a numerical 
solution would be very difficult to obtain. He also showed that the 
final solution is not very different from the solution of a differential 
equation which can be derived by an assumption that the velocity function 
is a polynomial of the third degree. With the first three boundary con-
ditions} Equations (2-3a) to (2-3c) , a polynomial of the third degree for 
the velocity function is assumed as follows: 
ufo*y> s f(n) = A + Bn + on2 (2-4) 
U(x) 
where A, B, and C are assumed to be constants and f(n) is a function of n 
only. This means that the velocity profiles are similar at every x 
position. These coefficients are determined by applying the first three 
boundary conditions. 
Equation (2-3a) gives: 
A s 0 (2-5a) 
From Equation (2-3b) , that is at n!Sl, f(*0»l, 
B + C - 1 (2-5b) 
The first derivative of Equation (2-4) with respect to y, is: 
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au ,T r B , 2C , y XT 
At y • 6 
f / 3 u v U 
<T7"> " ? ( B + 2C ) 
y»6 
Then, Equation (2-3c) gives: 
B + 2C: - 0 (2-5c) 
From Equations (2-5b) and (2-5c) 
B m 2 (2-5d) 
Substituting Equation (2-5d) into Equation (2-5b) givess 
C » -1 (2-5e) 
Substituting Equations (2-5a), (2-5d), and (2-5e) into Equation (2-4) 
gives; 
-ii- » f(n) - 2n -r? (2-6) 
In Appendix II, it is shown that Equation (2-6) can be expressed in the 
following non-dimensional form: 
T F - * • • - * . <2"7> 
2-4. Rewriting Continuity and Momentum Equations 




J*"* ; (|a> J / u2dy 
0 " yasQ 0 
In this section, it will be shown how these terms can be rewritten in 
simple form. 
If the velocity profiles are assumed similar, the velocity dis-
tribution equation has the forms 
^ - » f( JL) - f(n) ' (2-8) 
^ere n - -X-
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If y - 0, then n • '0. Similarly, if y •* , n « 1. The relationship 
between dy and dri is: dy • 5'dn. The integral in the continuity 
equation, Equation (2-1), can now be rewritten, as follows: 
6 6 i 
/ udy * J U f(n) dy - U6j ffo) dn - 116^ (2-9a) 
O O nsaQ 
where 
1 
a - j f(n) dn 
The integral in the momentum equation, Equation (2-2), can be re-
written 
6 6' 1 
J u2dy • / 02f2<n> dy - U2 6 J f2(n) dn « U26* (2-9b) 
0 0 0 2 
Where 
tl 2 
o. • J f*(n) d n 2 
0 
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Taking the first derivative of Equation (2-8) with respect to y gives: 
JiL. - *$*{*)] *= J!-. _dflH * .JL f' ,n, 
3y 3 y 6 ' dn 6 f ^^ 
Then, the partial differential term on the right-hand side of Equation 
(2-2) can be rewritten, as followsj 
( T 7 ) --fi'(0)=-f$1 (2-9c) 
where 
Si = *9(0> 
Considering the case of 
f(n) = 2ri-n2 (2-6) 
3 -,1 
1= c,A^[f^ ] -i-i-l 
0 2 a J(2t|-Tl) d*|-m (4^«=4il3+n4) dH 
6 
.3 4 .5 1 
r4*r 4 n -1 r4 , IT 8 
L 3 5 J L3 L * 5J 15 
Differentiating Equation (2-6) with respect ton gives; 
f ° (n)« -J|iL3L_ o 2 » 2n 
3!'n 
Then 
$1 « f'(0) = 2 
15 
Substituting the values of a . a » and $. into Equations (2-9a) , (2-9b), 
and (2-9c), respectively, gives: 
J6 udy* - U6 (2-9d) 
o 
J6 u2dy • - r ^ - U
2 « (2-9e) 
o 
(4T )-__"2I <2-9£> 
yao 
Substituting Equation (2-9d) into Equation (2-1) yields: 
3 f6 2 3 - ^ J udy = I ~ ^ (U«) * VG 
0 
Because, at x=0, 6=0 and U never approaches a; therefore, U6=0, at xsO. 
Now, integrating the above partial differential equation with respect to 
x becomes: 
U$ x 
i J d (U«) - / VQ dx 
J o o 
Then, the continuity equation becomes: 
3 vo x U --| - f — (2-10) 
or, in dimensionless form: 
0* • | f * (2-11) 
Substituting Equations (2-9e) and (2-9£) into Equation (2-2) , the momentum 
equation becomes: 
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~--3~ (Ij26) S 86~ 2vf (2~12) 
Substituting Equation (2-10) into (2-12) yields? 
i v 2 d X 2 \ _ „ • _ Q w X 5 V o ^ T < " i - ) = 8 « - 3 V V 0 - ^ 
or 
,2 
\ _. .— —£ 
' " 6 \ 
o o 
~±- / _£f . 5 g 5 _v_ x 
dx ^ 6 ' •" 6 V ° 2 V 6^ 
or 
2 
x d 6 5 v x^ . 0 x 5 g . 
F*T"2 v ; ~ F * 2 1 ? - 6 ^ I 6 -
Rearranging, the differential equation for the film thickness 
becomes 
d6 _ 5 v 1 _ 6 S a 6 3 
S - 2 v; x * 2 x " f # 1? <2-13> 
By a similar analysis, Houradlan (20) assumed that 
£ - 2n - i? 
U • • • 
and derived Equation (2-13). From Appendix II, Equation (2-13) in non-
dimensional form is expressed, as follows; 
dx* 2 ^ + 2 x̂  ? Q ^ (2-14a) 
or 
17 
dfi* s 'S A * 3 1 
d ^ = < f + 2 « * - | Q * - ^ r ) ^ <2-"b> 
This non~linear first°°order differential equation for the film 
thickness will be solved by the Runge»Kutta fourth-order method with the 
Burroughs 220 Computer. 
18 
CHAPTER III 
THE METHOD OF SOLUTION 
In order to determine the film thickness, Equation (2°14b) must 
be integrated. Due to the non-linear nature of this equation, a 
mathematical solution of this equation has not been found.. As a result, 
it will be integrated by a numerical method« 
In dealing with this equation, many numerical methods may be used. 
The Adams^Bashforth methods which replaces the derivative of a function 
by a polynomial and integrates that polynomial over an interval, gives 
reliable accuracy. This method assumes that an initial table of values 
has been computed by means of a Taylor0s series or other methods. The 
Milne method is quite accurate but it is unfavorable from the point of 
view of stability (22) (23). This method is not self=starting, since it 
needs four given values for starting the- calculation procedure. The use 
of Taylor0® series has the difficulty in finding successive derivatives 
of the given differential equation. A considerable amount of programming 
is required for the given equation if this method is used with an elec-
tronic computer. For application to high-speed digital computers, the 
Runge-Kutta method appears very useful for the solution of the given 
equation if the step=size is small enough. 
It is known that the most noted one of the Runge-Kutta fourth~order 
sets of formula is: 




k. • hf (x,y) 
k2 - hf (x + |, y + ~^i- ) 
k3 - hf (x + |, y + -j^- ) 
^ » hf (x + h9 y + kg ) 
This Runge=Kutta method retains the Taylor0s series expansion up 
the term of y in each step and is- extremely easy to program (24) . The 
stability of this method is good (25). When calculating y the only 
n+1 
information required is x , y , the step-size h and the form of the dif~ 
n n' 
ferential equation as defined by f(x,y). This method also has the advan-
tage of simplicity in the coefficients of kn (n
al, 29 3...)* Usually the 
simplicity of the coefficients enables a short program to be written. 
Howevers this method does not contain in itself any simple means for 
estimating the error. Lance (21) introduces the Runge~Kutta method of 
Merson (this method is a slight modification of the Runge~Kutta technique). 
The formula iss 
yn+ i -y„
 + i <ki +«v+k 5 >
+ e - ( 1 , 5 > 
where 




 b f (xa + 3 h> ?n + ki> 
20 
V 3 h f (\ + ih> » , + i k i + i v 
1 1 3 9 
k « -r hf (x +rh» y + ^ k + « k ) 
4 J n 2 n ° 1 ° 3 
ke - i hf (x + h, y + | k - | k + 6k,) 
5 J n n * A * 3 4 
The unique advantage of the above method is that an estimate of 
the truncation error, £, which is defined here as the error in y in 
making the step from x to x , is given by 
n n+1 
1 3 4 5 
Although this method requires five substitutions into the given 
differential equation, this 1B not a drawback according to the differen-
tial Equation (2-14b) with regard to the register storage capacity of the 
Burroughs 220. Therefore^ Mer8onffs modification of the Runge-Kutta 
fourth-order method is used to solve Equation (2=14b) with the Burroughs 
220 Computer. The results of this work may be found in Appendix VII* 
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CHAPTER IV. 
DISCUSSION OF RESULTS 
The calculations of this work are carried out by Merson's 
modification of the RungeHKutta fourth~order metlaod (21) with the 
Burroughs 220 Computer. The computer is operated in conformity with 
a program which is based on Equation (2~14b) and on the assumed start-
ing point (x* = 0.0702, «5*=0, as discussed in Appendix V) as well as on 
the different values of the non-dimensional parameter Q*. The results of 
the calculation are obtained in the form of a typewritten numerical table 
which directly gives X (standing for at*), Y (representing 6*), Kl, K2, 
K3S K4, and K5, as shown in Table 2. 
As mentioned in Chapter III,, Merson's method presented a formula 
for estimating the truncation error, as follows:: 
e « 0.2k - 0.9k + 0.8k - 0«lk . 
1 3 4 . 5 
By substituting the values of K . K , K, and K in Table 2 into 
1 3 4 5 
this equation, errors at the corresponding points of x* can be calculated. 
It is found that for the same step-size as x* increases, the absolute 
value of e decreases. For example, x* • 0.0702, e • +0.0000103; x* * 
0.1002, £ - +0.0000056; x* « 0.1502, e * +0.0000019; x* - 0.20002, 
e - -0.0000006; x* = 0,2502, £ - -0.0000005. 
In order to confirm that the solution of the present work is 
reasonable and approaches closely to the desired solution of Equation 
22 
(2~14b)s Mouradian
0® solution (20) is transformed into a non-dimensional 
form 
I n* *3 
x* - — ~ — (4-1) 
1 6 * 6* + 1 
5 G 
Mouradian pointed out that the desired solution curve slowly var-
5 3 
ies from (j) * « -r to • ̂ = ~ . Therefore* if these two values are substituted 
G 3 G 2 
into the above equation separately, expressions for the upper and lower 
limits of the desired solution can be obtained9 as follows; 
x* « J£Li*_ (4-2) 
26* + 3 
and 
lo8 6* -8- 3 ^ ' 
As shown in Figs. 2S 3, and 4, comparisons are made between the 
numerical solution and the curves of the upper and lower limits.of the 
desired solution. Since the curves of the present study are bounded by 
the curves of the upper and lower limits,, the numerical solution of 
Equation (2-l4b) is quite satisfactory9 even though the starting point is 
assumed to be the point x* = 0o07029 6* « 0 instead of x* = 0, 6* •'0., 
These comparisons also tell that the numerical solution of the present 
study is quite close to the lower limit curve. Therefore.̂ , Equation (4-3), 
which expressed the lower limit of the desired solution, may be used as 
the approximate solution of Equation'(2=14b) without serious error. 
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The cases for Q* » io~3, 10~'!, 0.1S 1.0, 10, 10
2, 104, 10 , and 108 
have been solved by the computer. As Q* increases, the starting step-size 
-3 2 
must decrease. For example, for Q* • 10 ", h • 0.01; Q* = 10, h = 0.001; 
8 
Q* - 10 , h - 0.00001. Otherwise the machine will print out "RESULT OUT 
OF RANGE IN FLFX." This means the magnitude of such a floating-point 
AQ 
number exceeds the largest permissible number, 0,99999999 x 10 » There-
fore, proper step-size plays an important role in obtaining the required 
accuracy. 
From Table 3 to Table 1.1 it can be noted that 6* increases as x* 
increases, and 6* increases more rapidly than x* does when values of x* 
are small or Q* * 10 . These observations are physically reasonable. 
By substituting the values of at* and 6* into Equation (2-11), the 
non-dimensional surface velocity of liquid film in the x-direction can 
easily be obtained. 
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Figure 2. Boundary Layer Thickness of a Liquid Film Appearing on a Porous 
Wall or on a Solid-liquid Interface as Calculated by the 
Runge-Kutta Fourth-order Method with Burroughs 220 Computer and 













TRANSFORMED MOURADIAN'S RESULT, AS 0G = 5/3 
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TRANSFORMED MOURADIAN'S RESULT, AS 0 * = 3/2 
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NON-DIMENSIONAL DISTANCE IN x DIRECTION, x* 
Figure 3. Boundary Layer Thickness of a Liquid Film Appearing on a Porous 
Wall or on a Solid-liquid Interface as Calculated by the 
Runge-Kutta Fourth-order Method with Burroughs 220 Computer and 
as Approximated by Transformed Mouradian's Results. 
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Figure K. Boundary Layer Thickness of a Liquid Film Appearing on a Porous 
Wall or on a S o l i d - l i q u i d I n t e r f a c e as Calculated by the 
Runge-Kutta Four th -o rder Method wi th Burroughs 220 Computer and 




The purpose of this study was to investigate the laminar hydro-
dynamic boundary layer thickness and the velocity distribution within a 
liquid film appearing on a plane surface due to transpiration through a 
porous wall or the melting of a solid material. 
The previous study that is most closely related to this one is 
that of Mouradian (20) . The main differences between this study and the 
work of Mouradian are the form of the non-linear first-order differential 
equation for the hydrodynamic boundary layer thickness and the use of a 
different method of obtaining approximate solutions. 
The calculations of this work were carried out by using Merson9s 
modification of the Runge-Kutta fourth-order method with the Burroughs 
220 Computer. The computer was operated in conformity with a program 
which was based on Equation (2-14b) and on the assumed starting point 
(x* = 0.07022 6* •» 0) as well as on the different values of the non-
dimensional parameter Q*« The program used in this study is written 
according to the machine language of the Burroughs Algebraic Compiler — 
220. 
The proper step-size plays an important role in obtaining the 
'required accuracy. For small enough variations in the initial condi-
tion^ the absolute value of the truncation error decreases as x* 
increases. Therefore, it can be concluded that the Runge-Kutta fourth-
order method of Merson for the given non-linear first°order differential 
28 
is stable. 
This numerical method gives good results. The lower limit expres-
sion for the film thickness 
Q* 6*3 
X* = 
1.8 5* + 3 
imay be used as the approximate solution of Equation (2-14b) without 
serious error. 
Tables listed in Appendix VII allow good application in the 
engineering field. From these tables, it can be seen that 5* increases 
as x* increases and 6* increases more rapidly than x* does when values of 
x* are small or Q* * 10 . These observations are physically reasonable. 
The non-dimensional surface velocity of the liquid film in the x-
direction is expressed as 
x* 
U* » 1.5 ~ 
6* 
Numerical values of this non-dimensional surface.velocity of liquid film 
in the x-direction can easily be obtained by substituting the values of 
x* and fi* into the above equation. Then the velocity distribution of a 










a Coefficient in velocity profile polynomial 
A Coefficient in velocity profile polynomial 
b Coefficient in velocity profile polynomial 
B Coefficient in velocity profile polynomial 
c Coefficient in velocity profile polynomial 
C Coefficient in velocity profile polynomial 
d Coefficient in velocity profile polynomial 
f(n) Velocity profile function 
F External force in the x-direction lb 
x £ 
g Gravitational acceleration in the x-directipn, ft sec 
~2 G Gravitational acceleration^ ft sec 
h Step-siz@j or interval 
H Step-size in the computer program 
k Operation quantity of Runge=Kutta Method 
L Characteristic length; defined as L • v s ft 
V© 
M x momentum., lb ft sec" 
x m 
{? V ffT 
Q* Non-dimensional quantity; defined as Q* =* s = »•*-V0
J V 
Re Local Reynolds number in the ̂ direction based on "feed 
x 
V" x 
in" velocitys Re « ° -y x v 
Local Reynolds number based on film thickness and "feed 
V 6 
in" velocity; Re = • ° 
v 
Temperature F° 
Velocity in x-direction within liquid film, ft sec" 
Non=dimensional velocity in x-»direction within liquid 
film; defined as -rr~ 
vo 
Surface veloeitjr of liquid film in x-direction, ft sec"1 
Non~dimensional surface velocity of liquid film in x-
directions defined ass ~2— 
V0 
Velocity in y-direction within liquid film, ft sec"1 
"Feed in" velocity in the y-direction at the plane, ft 
<=! 
sec 
Space coordinate parallel to plate, ft 
Non-dimensional space coordinate parallel to plate, -£-
L 
Space coordinate normal to plate, ft 
Non-dimensional space coordinate normal to plate, v 
L 
Space coordinate normal .to paper, ft 
Quantity defined a® a * J £(ri)din 
o 
Quantity defined as a = J f̂ (*f)dn 
o 
Quantity defined as. 8 « f (0) 
Liquid film thickness normal to the surface of the wall, 
ft 
Greek Letters 
Non-dimensional liquid film thickness normal to the 
surface of the wall, 
L 
Difference between values 
Truncation error 
Dimensionless distance from wall; in * -X- or —£-
6 6* 
2 =1 
Kinematic viscosity; ft sec * 




Shearing stress., lb-/ft 




T" — « + • 
Vo 5 
V 
6 Hh 2 
Subscripts 
crlt Critical value 
6 At y - 6 
max Maximum 
min Minimum 
w At the wall 
Superscript 




In this thesis, some equations can be simplified by non-dimensional 
transformations. For this purpose, some non-dimensional quantities are 
introduced; 
x y 6 
x* - y* - — - <s* - — (AII-1) 
L L ' L 
u U 
u* - _ U* - — (AII-2) 
V ' V 
o o 
Where L9 the characteristic length, is defined as; 
L = - — (AII-3) 
Then 
V0x x 
Re « _ — « -— a x-jv (All-4) 
X y 
Is 
Vrt 6 6 Re = — 2 — - _ - 6* (AII-5) 
6 L 
In order to obtain Equation (2»14a) or Equation (2-14b), every term in 
Equation (2-13) must be non~dimensionalized. 
d 6 d 6 d <5* dx* d fl* 1 d 6* 
dx d 6* dx* dx dx* L dx* 
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VQ x 








g 6 3 S iV 
. SS 
gL 6*3 g V c5*3 
V. X 2 V 2 o L2x*2 
n* 
V 2 o 
<5*3 




gv gL gL' 
v 2 V0v 
(AII-6) 




d<f 5 1 0 6* 
Tf-+ 2 — T f 
2 x x 
5 * *** 
— Q* 
6 H x 
(2-14a) 
or 
d ^ 5 *. -> fi*3 1 
- ^ - < _ . + 26* - _ Q* . 1 , ) 
dx 2 6 x* x* 
(2-14b) 
In Equation (AXII-2g), -&iL™ • can be transsformed ass 
vU 










VELOCITY DISTRIBUTION WITH FOUR BOUNDARY CONDITIONS 
Mouradian (20) used the four boundary conditions, Equations 
(2-3a) through (2-3d) to get a polynomial of the fourth degree for 
the velocity function in terms of the dimensionless distance from the 
wall. 
If the four boundary conditions are used, the velocity profile 
can be assumed to be: 
V(xf * f ( ~To0 > s f ( n ) = a + b n +. cr]2 + d n 3 (AI I I -1 ) 
Equation (2-3a) gives; 
a « 0 (AIII-2a) 
From Equation (2-3b), that is, atn = 1, £(n) = 1, 
b + c + d = 1 (AIII-2b) 
The first derivative of Equation (AIII-1) with respect to y is: 
3u b 2c y v 3d y»
 2„ 
At y - 6 
, 3u x U 
( _ ) „ (b + 2c + 3d) 
ay . , 6 
y«6 
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Thens Equation (2-3c) gives; 
b + 2c + 3d - 0 . (AIII-2c) 
At y * 0, the first derivative of u with respect to y becomes: 
da \ ± Ub 
V3y ' 6 
y-O 
The second derivative of Equation (AIII-1) with respect to y is 
3 2 u a u r_2* J* / J L n 3y2 L^T" ^ T
 v 6 ' J 
At y * 0 
<4V> - 4 1 
9
 y
2 6 ^ 
y-o 
Then, Equation (2-3d) gives; 
VQU 2 U 
b « g + — ^ c (AIII-2d) 
$ 6 ^ 
From Equations (AIII-2'b) and (AIII-2c) 
2b +. c' • 3 
c - 3 - 2b (AIII-2e) 
Substituting Equation (AIIX-2e) into Equation (AIII-2b) givea: 
d s 1 - b - 3 + 2b 
d « b - 2 (AIII-2f) 
Substituting Equation (AIII-2e) into Equation (AIII-2d) gives0. 
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From Appendix IX, Equation (AIXI-2g) can be rewritten in a non-
dimensional form; 
2 Q*Re6 
— A- C* 
u* + 0 
R e6 + 4 
(AIII-2h) 
or 
Q*V + 6 
u* 
" — — - — — (AIII-2i) 
6* + 4 
J t i t u t i n g Equations ( A I I I - 2 a ) , ( A I I I - 2 e ) , and (AII I -2 f ) i n t o 
Equation (AII I -1 ) g i v e s ; 
— - b n + (3 - 2b) n2 + (b-2) W 
U 
— * b (n- 2r»2 + n3) + (3int2 + 2n3) (AIXI-3) 
or 
^ - * b (n - 2Tl
2 + n
3 ) + (3TI2 + 2 r?) (AI I I -4 ) 
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As stated by Mouradian, "The terms 6 and U remain to be obtained 
from the solution of the continuity and momentum equations. Then, b 
G 
(i.e. b in this thesis) can be determined explicitly." (20). 
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APPENDIX IV 
THE DETERMINATION OF THE RANGES OF Q* 
Before Equation (2-14b) can be solved by a numerical method with 
the electronic computer, the range of Q* must be determined. In Appendix 
II, Q* is defined as; 
g v gL gL2 
V 0
3 V 0
2 V 0v 
The above expression implies that the ranges of Q* are determined 
by the ranges of g, VJ and V . ;.This will be discussed respectively, as 
followsi 
.1. As assumed in Chapter II, the fluid flows along the surface of 
the wall under the influence of gravity. Therefore, the case of the 
horizontal plane is not included in this thesis and the ranges of g, the 
gravitational acceleration in the x-direction, are selected from 8.34 
ft/sec2 (i.e., 32.2 COS 75°) to 32.2 ft/sec2 (i.e., 32.2 COS 0°). 
2. From Table 1 (listed at; end of Appendix IV, Page 42) which is 
taken from References (17), (26) and (27), the ranges of v, kinematic 
-̂  
viscosity, are selected from 0.07 x 10 " ft^/sec to 2 x 10 * ft^/sec. 
3. In order to define the ranges of VQ, the following assumptions 
are made; 
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(a) A critical Reynolds number of 108Q1 in the x-direction is 
assumed. According to Appendix II, then (x*) = 
crit 
(Re ) = 1080. 
x crit 
(b) A minimum critical point at x = 0.5 in and a maximum 
critical point at x •' 20 ft. 
If (x ) = 0.5 in - 0.0417 ft, then 
crit min 
V - (V ) o x o' max 
(x ) 
crit min 
L • - = - -
o 
2 x 10" 5 
._._. t flfi -ir in' 
0.518 —. joOD X lv 
gL 
0* - 2 
Vo 
g V 
V 3 vo 
(g) 
Q* = _ . 
min { 8 ) min v 
V 2 vo V
 3 
vO 
1080 x (v) 1080 x 2 x 10"5 
* max - 0.518 ft/sec 
0.0417 
8.34 x 2 x 10~5 
0.5183 
» 1.196 x 10°3 
If (x ) - 20 ft 
crit max 
Duker and Bergelin (28) experimentally investigated the character-
istics of water film flowing down a vertical surface. They found that 
transition from laminar to turbulent film flow occurs at a Reynolds number 
of 1080 when the Reynolds number is based on the average velocity in the 
film and film thickness. 
R. - _H_ - ft Jo™*]' - l* "3°0 « = Jl± m 1*L . Re 
... : M M V» X 
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1080 x (v) min 1080 x 0.07 x 10"5 
Vo ' < V min = 
(x . ) 20 
crit max 
* 3.78 x 10"5 ft/sec 
L , _JL B 0-07 * 10"
5„,. 1 ^ 5 3 x 10-2 





V 2 v 3 vo vo 
(8) maxL (R) v \e>J> max 32.2 x 0.07 x 10*^ fl 
r- A A 7 v 1 fj 
v o Vo3 (3 .78 x 1 0 "
5 ) 3 
From the above calculations, the ranges of Q* are selected from 
1.196 x 10 to 4.47 x 10°. However, for the computer calculation, the 
ranges of Q* are selected from 10 J to 10°. 
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Table 1 . Property Values 
Range Range of v, 
Substance of t , ,} 
F f t . / s e c . 
Range Range of v , 
Substance of t , « 
F f t . / s e c . 
Fluid in Saturated State Liquid Metals 
A . .. -58 0.355x10"
5 
Ammonia 122 0.468 
r* v j i J A -58 0.086 Carbon dioxide 8 6 Q 1 2 8 
„ „ n n i9 -58 0.204 Freon 12 m Q 3 3 4 
w *.v i VT 4J "58 0.295 Methylchloride l n Q 3 4 4 
Sulfur dioxide ^ 2 2 Q\21 
32 0.137 
Water 6 0 0 1 9 3 0 
„. •'. 600 0.090x10*5 Bismuth 1 4 0 ( ) Q m 
Lead 7 0° 0 * 1 4 5 G&a 1300 0.245 
Mercury 6Q0 0 ^ 3 3 
Ma„56wt% 200 0.234 
K,44wt% 1300 0.702 
Na,22wt% 200 0.228 
K,78wt% 1400 0.624 
Pb,44.5wt% 300 0.161 
Bi,55.5wt% 1200 0.126 
This table is taken from References (17), (26), and (27). 
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APPENDIX V 
DISCUSSION OF THE POINT AT x* = 0, 5* - 0 
It is known that Equation (2-14b) has a singular point at x* = 0, 
6* • 0 (i.e., x • 0, 6 = 0 ) . This fact causes difficulty in the compu-
ter calculation. Therefore, to make an assumption that the initial 
condition is x • 1.3 x 10"- ft (or i- in), 6 • 0 instead of the given 
64 
boundary condition x • 0, 6 = 0 is necessary. 
Now these two values will be transformed into non-dimensional 
values. In the case of 
L -• 1 . 8 5 3 : K 10"2 
X * 
X 
• t> a - . 
1.3 x 10* 
•3 
L 1.853x10' -3 
6* = 1 = 0 
L 
- 0.702 x 10"1 » 0.0702 
For L . - 3.86 x 10" 5 , 
- 3 
x* - 2L l ' 3 X 1 0 — — . 0.337 x 102 = 33.7 
L 3.86 x 10~5 
6* - i - 0 
Then, an assumed point: at x* - 0.0702, 6* - 0 will be used as the 
initial condition for calculation. As discussed in Chapter IV, this 




An example of the program which i s a c t u a l l y used i n t h i s s tudy and 
i s w r i t t e n according to the machine language of t h e Burroughs Algebra ic 
Compiler ( 29 ) , i s given below. In t h i s program, Y s t ands for <$*, Q for Q*, 
X for x*, H for t he s t e p - s i z e h . 
2C0MMENT A CALCULATION FOR HYDRODYNAMIC BOUNDARY LAYER THICKNESS 
BY C. S . LD • & 
» • 
INTEGER I • $ 
X S ( 3 M 0 o 0 7 0 2 , l o 0 8 0 2 , 1 1 * 5 8 0 2 ) $ 
H S ( j ) a ( 0 . 0 0 1 , 0 . 0 1 , 0 . 5 ) % 
X F ( 3 ) = ( 1 . 0 7 0 2 , l l o 0 8 0 2 , 1 0 8 0 „ 5 8 0 2 ) $ 
Y=0.0 $ Q=1.0**2 $ 
WRITE . U$D0G1,CAT1) | 
WRITE.($$TITLB) $ 
FOR I = ( l , l , 3 ) • t 
FOR X=(XS( I ) ,HS( l ) ,XF" ( I ) ) I 
H=HS(I) S 
K l = H . ( 2 . Y + 2 . 5 - ( 0 . 8 3 3 . Q * Y * 3 ) / X ) / ( 3 . X ) % 
K 2 = H . ( 2 . ( Y + K l ) + 2 . 5 - ( 0 . 8 3 3 « Q « ( Y + K l ) * 3 ) / ( X + ( H / 3 ) ) ) / ( 3 . X + H ) i 
K3=H.(2 . (Y+0«5«Kl+0 .5 .K2)+2*5- (0 . '833 .Qo(Y+0.5 .Kl+ 
0 . 5 . K 2 ) * 3 ) / ( X + ( H / 3 ) - ) ) / ( 3 . X + H ) $ 
K^=H.(2 . (Y+0 .375«Kl+1 .125«K3)+2 o 5- (Q«833 .Q. (Y+0 f 373 .Kl+ 
















2 .YH=Y+0.5(K1+.4.K4+K5) $ 
2 WRITE U&D0G2.GAT2) $ Y=YH END. I 
20UTPUT ((DOGl(Y,Q))f (D0G2(X.,YtKlfK2,K3.,K^.lK5))) % 
2F0RMAT CATl(B8l*Y=*,X10.8,B8,*Qs:*1Il2.6,W2) $ 
2F0RMAT TITLE (B5,*X*,Bl4,*Y*,Bl6,*K1*,Bl6,*K2*,Bl6,*K3*,Bl6, 
*X^*,Bl6,*K5*,W2) $ 





The numerical solution of Equation (2~14b) is carried out by the 
Runge-Kutta fourth-order method of Merson (21) with the Burroughs 220 
Computer. The computer results are obtained in the form of a typewritten 
numerical table which directly gives X (standing for x*), Y (represent-
ing $*), Kl, K2, K3, K̂ s and K5, as shown in Table 2. The cases for Q* -
10"3, 10"2, 0.1, 1.0, 10, 102, 104., 106, and 1G8 have been solved by the 
computer and the results are listed in Tables 3 to 11. 
Table 2, Numerical Results —Reproduction of Computer Print-out 
Y - . 000000 Q = .100000, -.2 
X Y Kl K2 K3 K4 K5 
.Q7Q2 .00000 .118708, 00 .124088, 00 ,124332, 00 .127159, 00 .135597, 00 
,0802 .38*47 .135592, 00 .140971, 00 .141185, 00 .143986, 00 .152324, 00 
.#902 ;£1340 .152322, 00 .157641, 00 .157828, 00 .160577, 00 .168735, 00 
.1002 1.29508 .1*8732, 00 .173934, 00 .174097, 00 .176765, 00 .184655, 00 
.1102 1.62530 .184653, 00 .189675, 00 .189816, 00 .192374, 00 ,199906, 00 
.1202 2.40233 .199905, 00 .204686, 00 .204806, 00 .207224, 00 .214309, 00 
.1302 3.02389 .214308, 00 .218786, 00 .218887, 00 ,221135, 00 ,227687, 00 
.1402 3.68716 .227686, 00 .231804, 00 .231887, 00 .233939, 00 .239876, 00 
.1502 4.38882 .239875, 00 .243581, 00 .243647, 00 .245478, 00 ,250732, 00 
.1602 5.12508 .250732, 00 .253980, 00 .254031, 00 ,255621, uO OAonnn 
s A v u v V v , 
00 
.1702 5.89176 .260136, 00 ,262892, 00 .262931, 00 .264264, 00 ,264273, 00 
.1802 6.68436 .268000, 00 nniL'i 00 .270269. 00 .271337, 00 ,274273, 00 
.1902 7.49817 .274273, 00 .275988, 00 .276006, 00 .276807, 00 ,278940, 00 
.2002 8.32839 .278940, 00 .280131, 00 .280142, 00 .280677, 00 ,282024, 00 
.2102 9.17023 .282024, 00 ,282704, 00 .282709, 00 .282989, 00 ,283582, 00 
.2202 10.01901 .283582, 00 ,283776, 00 .283777, 00 .283816, 00 283704, 00 
.2302 10.87029 .283704, 00 .283445, 00 .283444, 00 ,283260, 00 282502, 00 
.2402 11.71991 .282502, 00 .281832, 00 .281830, 00 .281446, 00 280109, 00 
.2502 12.56411 .280109, 00 .279075, 00 .279072, 00 .278512, 00 276671. 00 
X - represents x* 
Y - represents $* 
Kl - represents K^ = -3 hf (x^*, 6"n*)» where h is the step-size 
K2 - represents K2 = 3 hf {x^ + 3 h, $ n* * Kl 
K3 - represents K3 - 3 hf (x^ * 3 h, « n** 7:Ki*7 K2) 
K4 - represents K4 = -j hf (3^*> ^ h, $ n* + % &1+<§ K3) 
K5 - represents K5 s ̂  hf (x^* +. h, «n** \ * i -\*%* 6K4) 
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Table 3. Tabulation of x* Versus .fi* withQ* ± 10 
X * 6* x* 6* 
0.5002 t b O t feXifo (&.*£» 220.0702 630.50746 
1.0002 42.93019 240.0702 658.49060 
5.0002 95.85940 260.0702 685.33046 
10.0202 135.64369 280.0702 711.15665 
15.0702 165.72003 300.0702 736.07602 
20o0702 191.09559 340.0702 783.53779 
25.0702 213.46163 380.0702 828.28103 
30.0702 233.68766 420,0702 870.72543 
35.0702 252.29096 460.0702 911.19274 
40.0702 269.60889 500.0702 949.93590 
45.0702 285.87599 540,0702 * 987.15810 
50.0702 301.26308 580.0702 1023.02290 
60.0702 329.88463 620 ,.0702 1057,67070 
70.0702 356.20735 660.0702 1091.21830 
80.0702 380.70966 700.0702 1123.76440 
90.0702 403.72396 740.0702 1155.39280 
100.0702 425.49236 780.0702 1186.17770 
120.0702 465.98181 820.0702 1216.18280 
140.0702 503.21750 860.0702 1245.46490 
160.0702 537.87682 900.0702 1274.07250 
180.0702 570.43047 1000.0702 1342.92910 
200.0702 601.22109 1079.5702 1395.24530 
Table 4. Tabulation of.** Versus <5* with Q* - 10' 
3€* 6* 3£* 6* 
0.5002 10.27813 220.0702 200.05746 
1.0002 14.29060 240.0702 208.90687 
5.0002 30.94228 260.0702 217.39473 
10.0202 '43.43046 280.0702 225.56197 
15.0702 53.05411 300.0702 233.44240 
20.0702 61.08280 340.0702 248.45154 
25.0702 68.15853 380.0702 262.60096 
30.0702 74.55680 420.0702' 276.02340 
35.0702 80.44144 460.0702 288.82057 
40.0702 o j t " <L" 13 500.0702 301.0724$ 
45.0702 91.06460 540.0702 312.84325 
50.0702 95.93144 580.0702 324.18565 
60.0702 104.98398 620.0702 335.14321 
70.0702 X A <3 0 <*}%& <0 <» •» 660.0702 345.75275 
80.0702 121.05856 700.0702 356.04537 
90.0702 128.33717 740.0702 366.04788 
100.0702 135.22165 780.0702 375.78362 
120.0702 148.02671 820.0702 385.27I7§ 
140.0702 159.80256 860.0702 394.53303 
160.0702 170.76354 900.0702 ' 4 0 1 . 5 8 0 4 1 - \ V - --
180.0702 181.05850 1000.0702 •425.35577V'" 
200.0702 190.79585 1079.5702 441.900-52/" 
y 
Table 5. Tabulatl@m of x* Versus fi* with Q* - 0.1 
X * 6* 3E* 6* 
0.5002 3.67483 220„0702 63.91811 
1.0002' 4.97384 240,0702 66.71772 
5.0002 10.32835 260.0702 69.40286 
10.0202 14.30853 280.0702 71.98650 
15.0702 17.36757' 300O0702 74.47936 % 
20.0702 19.91646 340.0702 79.2±iW 
25.0702 21.16117 380,0702 83.70^82 
30.0702 24.18996 420.0702 87.94843 
35.0702 26.05523 460.0702 91.99617 
40.0702 27.79107 500.0702 95.87138 
35.0702 &*& Q ^(fci JLd£s3 540.0702 99.59440 
50.0702 3S o96288 580.0702 103.18151 
60.0702 33.82986 620.0702 106.646^5 
70.0702 36.46597 660.0702 110.00229 
80.0702 38.91933 700.0702 113.25740 
90.0702 41.22340 740.0702 116.420?! 
100.0702 43 ..40 249 780.0702 119.499:76 
120.0702 4^.45512 820.0702 122.50067 
140.0702 51.18159 860.0702 125„42§28 
'160.0702 54.64990 900.0702 128.2^063 
180.0702 57.90^25 1000.0702 135.17703 
200.0702 60.98800 1079.5702" 140.40924 













50.0702 lb .33491 
60.0702 11.25018 



























• 820.0702 39 .37 l i § 
860.0702 4O.30§29 
900.0702 41.209(14 
1000.0702 43 0 38883 
1079.5702 45.04489 
Table 7. Tabulation! ©f x* Versus fi* with Q* s 10 
3£* 6* 3C* 6* 
0o5002 0o5927300 220.0702 7,0828681 
1.0002 0.7661700 240.0702 7.3686080 
5o0702 1,4289499 260c©702 7.6423542 
10o0702 1,8802462 280.0702 7.9054912 
15.0702 2.2167479 300.0702 8,1591579 
20 o0702 2,4958580 340.0702 8.6417250 
25.0702 2.7390823 380.0702 9.0960424 
30.0702 2.9572114 420.0702 9.5265357 
35oO702 3.1565520 460.0702 9.9365864 
40oO702 3.3411613 500.0702 10.3288160 
45o0702 3.5138277 540.0702 10.705383d 
50o0702 ' 3.6765637 580.0702 11.0680260 
60o0702 3.9779312 620.0702 11.4181636 
70.0702 4.2537638 660,0702 11.7570140 
80,0702 4.5095387 700,0702 12.0855950 
90,0702 4,7490275 740.0702 12.40478td 
100,0702 4.9749558 780,0702 12.7153190 
120o0702 5.3938433 820.0702 13.0179430 
140.0702 5.7777454 860.0702 13.3l3i*>30 
160o0702 6.1341180 900.0702 13.6014920 
180.0702 6,4681024 1000.0702 14.2951590 
200.0702 6.7834206 1079,5702 14.8219290 
Table 8. Tabulation of ac* Versus 6* with Q* s 10 
3£* 6* 3C* 6* 
0.5002 0.26006027 220.0702 2.59359680 
lo0002 0.33194891 240.0702 2.68973690 
5.0002 0.59265318 260.0702 2.78162680 
10.0002 0.76612200 280.0702 2.86977050 
15.0702 0.89399291 300.0702 2.95457910 
20.0702 0.99.696949 34O.07O2 3.11550720 
25.0702 1.08580060 380.0702 3.26656400 
30.0702 1.16483110 420.0702 3.40933280 
35.0702 1.23658040 460.0702 3.54501660 
40.0702 1.30265800 500.0702 3.6745553d 
45.0702 1.36416360 540.0702 3.79869950 
50.0702 1.42188720 580.0702 3.91805890 
60.0702 1.52820660 620,0702 4.03313800 
70.0702 1.62491850 660.0702 4.14435900 
80.0702 1.61413500 7O0.O7O2 4.25207840 
90.0702 1.79730140 740.0702 4.35660220 
100.0702 1.87545640.- 780.0702 4.45819470 
120.0702 2.01965400 820.0702 4.55708550 
140.0702 2.15108090 860.0702 4.65347640 
160.0702 2.27252650 900,0702 4.747545G0 
180.0702 2.38590190 1000.0702 4.97354930 
200.0702 2.49258230 1079.5702 5.14491540 
Table 9. Tabulation of ae* Versus g* with Q* s 10' 
X* & 3C* 4* 
0.57214 0.05437114 220.28314 0.44002143 
1.07214 0.06944101 240.28314 0.45401282 
5.07214 0.. 11765625 260.28314 0.46730235 
10.07214 0.14875000 • 280.28314 0.47997641 
15.00314 0.17114445 300.28314 0.49210539 
20.00314 0.18902610 340.28314 0.51495183 
25.08314 0.20444653 3&0.28314 0.53620592 
30.08314 0.21777336 420.28314 0.556133^5 
35.08314 0.22974871 460.28314 0.57447786 
40.08314 0>24067878 500.28314 0.5927^761 
45.08314 0.25077142 540.28314 0,60975353 
50.08314 0.26017514 580 ,,28314 0 .625§l3 i7 
60.08314 0.27733084 620.28314 0.641569§4 
70.08314 0.29276075 " 660.28314 0.656549£§ 
' 80.08314 0.30685516 700.28314 O.67099if7 
90.08314 0". 31987939 740.28314 0.68494568 
100.08314 0.33202296 780.28314 0.69845328 
120.08314 0.35419790 820.28314 0 .711S51B 
140.28314 0.37431804 860.28314 0.72427159 
160.28314 0.39259585 900.28314 0.73^64243 
180.28314 0.40947208 1000.28310 0.76619743 
200.28314 0.42522034 1079.28310 0.78832051 
Table 10. Tabulation of ac*'Versus $ with Q* s 10 
•J€* 6* x* a* 
0.51270 . 0.01448203 220.42370 0.08881395 
1.21270 0.01526458 240.42370 0.09147333 
5,21270 0.02514572 260.42370 0.09399169 
10.21270 0.03150840 280.42370 0.09638657 
15.00370 0.03585741 300.42370 0.09867229 
20.00370 0.03949642 340.42370 0.10296150 
25o02370 0.CJ4258540 380.42370 0.10693331 
30.02370 0.04527757 420.42370 0.11064122 
35.02370 0.04768778 •460,42370 0.11412581 
40.02370 0.04988037 500.42370 0.11741843 
45.02370 0.05189895 540.42370 0.12054392 
50.02370 0.05377464 580.42370 .0.12352234 
60.02370 0.0571841.5 620.42370 0.12637014 
70.02370 0.d6023727 660.42370 0.12910103 
80.02370 0.06301530 700.42370 ' 0.13172650 
90.02370 0.06557338 740.42370 0.13425640 
100.02370 6.06795082 780.42370 0.13669911 
120.02370 0.^7227348 820.42370 0.13906191 
140.42370 0.07621915 860.42370 0.14135117 
160.42370 0.07973717 900.42370 0.14357251 
180.42370 0.08297818 1000.42370 0.14885956 
200.42370 0.08599156 1079.42370 0.15279915 
Table 11. Tabulation of a** Versus a* with Q*s 10' 
3C* ; j * X * 6* 
0 . 5 0 6 2 3 :•;• 0.00247772 220.20623 0.01884433 
1.00623 0:. 00311561 240.20623 0.01940075 
5 u00623 0.00532167 260.20623 0.01992720 
10.00623 0.00669093 280.20623 0.02042744 
15.00623 0.00767675 300.20623• 0.02090451 
20.00623 0.00845213 340.20623 0.02179879 
25.00623 0.00910591 380.20623 0.02262576 
30 o00623 6.00967756 . 420 o20623 0 . 0 2 3 3 9 6 8 5 
35o00623 6.01018887 460.20623 0.02412067 
40.00623 0.01065364 500.20623 0.02480388 
45.00623 6.01108122 540.20623 0.02545176 
50 000623 6.01147826 580.20623 0.02606857 
60.00623 6.01219932 620.20623 0.02665779 
70o00623 0,01284431 660.20623 0.02722234 
80O00623 0.01343061 700.20623 0.02776464 
90.00623 0.01397002 7443.20623 0.02828679 
100.00623 6.01447092 780.20623 0,02879057 
120.00623 0.01538067 820.20623 0.02927751 
140o20623 . 6.01621782 860.20623 0.02974896 
160.20623 0.01694141 900.20623 0.03020610 
180.20623 0.01762156 1000.20620 0.03129264 
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